Abstract. In this paper, we show new results on slant submanifolds of an almost contact metric manifold. We study and characterize slant submanifolds of Kcontact and Sasakian manifolds. We also study the special class of three-dimensional slant submanifolds. We give several examples of slant submanifolds.
0. Introduction. Slant immersions in complex geometry were de®ned by B.-Y. Chen as a natural generalization of both holomorphic immersions and totally real immersions [2] . Examples of slant immersions into complex Euclidean spaces C 2 and C 4 were given by Chen and Tazawa [2, 4, 5] , while slant immersions of KaÈ hler Cspaces into complex projective spaces were given by Maeda, Ohnita and Udagawa [9] .
In a recent paper [7] , A. Lotta has introduced the notion of slant immersion of a Riemannian manifold into an almost contact metric manifold and he has proved some properties of such immersions. A. Lotta and A. M. Pastore have obtained examples of slant submanifolds in the Sasakian-space-form R 2m1 as the leaves of a harmonic Riemannian 3-dimensional foliation [8] . Finally, A. Lotta has also studied some properties about the intrinsic geometry of 3-dimensional non-anti-invariant slant submanifolds of K-contact manifolds [6] .
The purpose of the present paper is to study slant immersions in K-contact and Sasakian manifolds. We ®rst review, in Section 1, basic formulas and de®nitions for almost contact metric manifolds and their submanifolds, which we shall use later. In Section 2, we recall the de®nition of a slant submanifold of an almost contact metric manifold and we show a ®rst characterization theorem. In Section 3, we give many interesting examples of slant submanifolds in almost contact metric manifolds and in Sasakian manifolds. Then, we characterize slant submanifolds by means of the covariant derivative of the square of the tangent projection T over the submanifold of the almost contact structure of a K-contact manifold. Later, we study the ®rst interesting class of slant submanifolds: the three-dimensional slant submanifolds. We show some results concerning the tangent T and the normal N projections. We also use the given examples in order to remark some facts concerning the main theorems of the paper. We study slant submanifolds in K-contact manifolds and threedimensional slant submanifolds in Sections 4 and 5 respectively.
Preliminaries. Let e
MY g be an odd-dimensional Riemannian manifold and denote by T e M the Lie algebra of vector ®elds in e M. Then, e M is said to be an almost contact metric manifold [1] if there exists on e M a tensor 0 of type 1Y 1 and a global vector ®eld $ (structure vector ®eld) such that, if is the dual 1-form of $, then
for any XY Y P T e M. In this case,
for any XY Y P T e M. Let È denote the 2-form in e M given by ÈXY Y gXY 0Y for all XY Y P T e M. The 2-form È is called the fundamental 2-form in e M and the manifold is said to be a contact metric manifold if È d. If $ is a Killing vector ®eld with respect to g, the contact metric structure is called a K-contact structure. It is easy to prove that a contact metric manifold is K-contact if and only if e r X $ À0X, for any X P T e M, where e r denotes the Levi-Civita connection of e M. The almost contact structure of e M is said to be normal if 0Y 0 2d $ 0, where 0Y 0 is the Nijenhuis torsion of 0. A Sasakian manifold is a normal contact metric manifold. Every Sasakian manifold is a K-contact manifold. It is easy to show that an almost contact metric manifold is a Sasakian manifold if and only if e r X 0Y gXY Y$ À YXY 1X3
for any XY Y P T e M. Now, let M be a submanifold immersed in e M. We also denote by g the induced metric on M. Let TM be the Lie algebra of vector ®elds in M and T c M the set of all vector ®elds normal to M. Denote by r the Levi-Civita connection of M. Then, the Gauss±Weingarten formulas are given by e r X Y r X Y 'XY YY e r X V ÀA V X D X VY for any XY Y P TM and any V P T c M, where D is the connection in the normal bundle, ' is the second fundamental form of M and A V is the Weingarten endomorphism associated with V.
The mean curvature vector H is de®ned by H 1am tre ', where m is the dimension of M. M is said to be minimal if H vanishes identically.
For any X P TM, we write
where TX is the tangential component of 0X and NX is the normal component of 0X. Similarly, for any V P T c M, we have
where tV (resp. nV) is the tangential component (resp. normal component) of 0V. for any XY Y P TM. The submanifold M is said to be invariant if N is identically zero, that is, 0X P TM, for any X P TM. On the other hand, M is said to be an anti-invariant submanifold if T is identically zero, that is, 0X P T c M, for any X P TM. From now on, we put Q T 2 . We de®ne rQ, rT and rN by r X QY r X QY À Qr X Y, r X TY r X TY À Tr X Y and r X NY D X NY À Nr X Y, for any XY Y P TM.
It can be proved by a direct calculation that if there exists a function ! such that
for any XY Y P TM, then
for any XY Y P TM. Suppose now that M is a submanifold of a Sasakian manifold e M. Then, by applying the formulas of Gauss and Weingarten and using formulas ( 
for any Y P TM and any V P TM c .
2. Slant submanifolds. In [7] , A. Lotta has introduced the following notion of slant immersion in almost contact metric manifolds. A submanifold M is said to be slant if for any x P M and any X P T x M, linearly independent on $, the angle between 0X and T x M is a constant P 0Y %a2, called the slant angle of M in e M. Invariant and anti-invariant immersions are slant immersions with slant angle 0 and %a2 respectively. A slant immersion which is not invariant nor anti-invariant is called a proper slant immersion.
Lotta's de®nition includes both $ P TM and $ P T c M cases. Nevertheless, he proves the following theorem, which generalizes a well-known result of Yano and Kon (see Proposition 7.3 of [10] ):
Theorem 2.1. [7] Let M be a submanifold of a contact metric manifold e M. If $ is orthogonal to M, then M is anti-invariant.
Given that we are interested in the study of proper slant submanifolds in contact metric manifolds, from now on we suppose that the structure vector ®eld is tangent to M. Hence, if we denote by h the orthogonal distribution to $ in TM, we can consider the orthogonal direct decomposition: TM h È`$ b.
We have already noted down that invariant and anti-invariant submanifolds are special classes of slant submanifolds. In the ®rst case, we know that N 0, so that T 0 and therefore T 2 0 2 ÀI $. For an anti-invariant submanifold, we have T 2 0. If M is a proper slant submanifold, with slant angle , Lotta has proved in [7] that T 2 X À os 2 X À X$, for any X P TM. It is clear that this expression includes invariant and anti-invariant cases, for 0 and %a2, respectively. In fact, the following result shows that it characterizes slant immersions.
Theorem 2.2. Let M be a submanifold of an almost contact metric manifold e M such that $ P TM. Then, M is slant if and only if there exists a constant ! P 0Y 1 such that:
Furthermore, in such case, if is the slant angle of M, it satis®es that ! os 2 .
Proof. We only have to prove the sucient condition. Suppose that there exists a constant ! such that T 2 À!I À $. Then, for any X P TMÀ`$ b we have:
On the other hand, os X jTXjaj0Xj, and so, by using (2.2), we obtain os 2 X !. Hence, X is a constant and so M is slant.
Corollary 2.3. Let M be a slant submanifold of a almost contact metric manifold e M, with slant angle . Then, for any XY Y P TM, we have:
Proof. From (1.6) and (2.1), a direct expansion gives (2.3). To prove (2.4), it is enough to take into account (1.1) and (1.4).
Examples.
In this section we give some examples of slant submanifolds in almost contact metric manifolds. Our goal is to ®nd interesting examples of proper slant submanifolds in Sasakian manifolds.
An important work in the study of slant submanifolds in the almost complex case is the characterization of slant surfaces. Examples and properties of slant surfaces are given in [2, 3, 4, 5] . However, Lotta has proved that a non-anti-invariant slant submanifold of a contact metric manifold must have an odd dimension and so, it follows that surfaces are not interesting in our research. Then, to obtain examples of slant submanifolds in our case, we must look for submanifolds with dimension greater or equal to 3. Lotta has already found the following example:
Example 3.1. [7] If M is a slant submanifold in an almost Hermitian manifold e M, then M Â R is a slant submanifold in the almost contact metric manifold e M Â R with the usual product structure.
Thus, each example of [2, 3, 4, 5] , provides an example of slant submanifold in an almost contact metric manifold.
Then, we could think that, if M is a slant submanifold of a Kaehlerian manifold e M, M Â R would be a slant submanifold in a certain Sasakian manifold. However, we have the following proposition. Proof. It is enough to take into account that, if e M is contact metric, then, for any XY Y P TM:
In particular, 2gXY TY ÀXY Y for any XY Y P h, which implies that h is integrable if and only if T 0.
Hence, if M is a slant submanifold in an almost Hermitian manifold, M Â R can not be a proper slant submanifold in a contact metric manifold. Note that e M Â R is not contact metric and so there is not any contradiction with Example 3.1.
From now on, R 2m1 Y 0 0 Y $Y Y g will denote the manifold R 2m1 with its usual Sasakian structure given by
When m is even, we de®ne the endomorphism 0 1 given by:
is not a contact metric manifold. We obtain this as a particular case of the following proposition: It can be also proved that
Moreover, the fundamental 2-form È 1 is closed and so, we can obtain
for any XY YY Z P TR 2m1 . By using the above structures, we ®nd the following method to obtain slant submanifolds, with given slant angle, in a certain almost contact metric manifold. 
) is a minimal slant submanifold (resp. slant submanifold), with slant angle , in
To obtain examples in a Sasakian manifold, we can prove, by a direct calculation, the following theorem. With respect to Example 3.16, it can be proved that, for any P 0Y %a2, we also obtain a slant submanifold in R 5 Y 0 0 Y $Y Y g, with slant angle %a2 À . Hence, if %a4, then we have slant immersions in two dierent almost contact metric manifolds, with the same slant angle.
Finally, we show another example of slant submanifold in R 5 with its usual Sasakian structure, which is not given by the method of Theorem 3.5.
Example 3.17. For any P 0Y %a2, xuY vY t 2uY 0Y vosY vsinY 2uvos t de®nes a slant submanifold in R 5 with slant angle .
Slant submanifolds of K-contact manifolds.
In this section, we will study the value of rQ for slant submanifolds of a K-contact manifold, in order to obtain a characterization theorem for such submanifolds.
In the complex case, slant submanifolds satisfy the expression rQ 0 (see [2] ). Now, in the K-contact case, the situation is quite dierent. Proof. Denote by the slant angle of M. Given XY Y P TM, (2.1) implies:
On the other hand, by taking the covariant derivative of (2.1), we have
since XY r X Y gYY r X $. Hence, rQ 0 if and only if (4.1) equals (4.2), which is equivalent to r X $ 0 for any X P TM. But, since e M is a K-contact manifold, we have r X $ ÀTX and so, the result holds.
In fact, by using (4.1), (4.2) and r X $ ÀTX, we can see that, if M is a slant submanifold of a K-contact manifold e M, then
5. Slant submanifolds with dimension 3. Three-dimensional slant submanifolds make up the ®rst non-trivial class of slant submanifolds in almost contact metric manifolds. Now, we are going to characterize these submanifolds by giving the values of rT and rN.
Theorem 5.1. Let M be a submanifold of dimension 3 in a K-contact manifold e M such that $ P TM. Then, the following three statements are equivalent: Similarly, we can see that it is not necessary for e M to have a K-contact structure. If %a4, Example 3.16 de®nes a %a4-slant submanifold in
However, Theorem 5.1 does not hold in any almost contact metric manifold. To show this, it is enough to see that submanifolds given by Example 3.15 satisfy rT 0.
Note that the proof of Theorem 5.1 also works when M is an invariant submanifold, since it is enough to have os T 0. In the anti-invariant case, T 0 and so, r X TY 0 os 2 gXY Y$ À YX, for any XY Y P TM, since %a2. Moreover, in this case, we do not need for M to have dimension 3.
Combining this fact with Theorem 5.1 and the equivalence between (1.9) and (1.10), we obtain the following characterization of slant submanifolds with dimension 3 in terms of the Weingarten map. If M is an invariant submanifold of a Sasakian manifold, then (5.1) holds with 0 and rN 0 automatically. On the other hand, if M is an anti-invariant submanifold, it is obvious that rT 0, i.e., (5.1) holds with %a2. We also know that r X NY n'XY Y for any XY Y P TM. The following lemma show us sucient conditions to obtain rN 0.
Lemma 5.4. Let M be an anti-invariant submanifold of a Sasakian manifold e M. Suppose that dim M 3, dim e M 5 and $ P TM. Then, rN 0.
Proof. By virtue of (2.4), if we choose a local orthonormal frame fe 1 Y e 2 Y $g of TM, then we have that fNe 1 Y Ne 2 g is a local orthonormal frame of T c M and so, n 0. Consequently, we obtain rN 0. Now, we are going to study the value of rN for a three-dimensional slant submanifold M of a Sasakian manifold e M with dim e M 5. Suppose that M is proper slant with slant angle . Then, for a unit tangent vector ®eld e 1 of M, perpendicular to $, we put Note that (5.4) holds directly in the invariant and anti-invariant cases, since rN 0.
Remark 5.7. The dimension conditions of Theorem 5.6 are sucient but not necessary. To show this, it is enough to see that every slant submanifold given by Examples 3.13 and 3.12 satis®es (5.4) .
Similarly, it is not necessary for e M to have a Sasakian structure. If %a4, 
